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SUMMARY 
This report summarizes the results of the first year of 
effort under Contract NAS1-10192 between NASA and A.R.A.P, Tre 
objective of this Phase I effort has been the application of 'eke 
methods of invariant modeling of turbulent shear flows and atmos- 
pheric dispersion of conservative pollutants to the problem oC air 
pollution in the vicinity of airports. Although aircraft operatrons 
in general do not constitute a major contribution to the n a t l o ~ ~ s  
air quality problems, the contributions of exhaust products in tax:, 
idle, take-off, and landing modes at airports do pose a potential 
major local air pollution problem in the vicinity of airpcrts, The 
detailed understanding of the genesis and extent of this problem, 
with appropriate recognition of the unusual features of aircr~ft 
operation near and on the ground (e-g., accelerations of moving 
sources, aircraft-induced vortical motions, etc.), justifies the 
very detailed insights which invariant modeling provides, 
The results of this work to date show that, with only n~iniauz 
information input (mean wind and temperature profiles), the i-var- 
iant modeling technique predicts the structure of atmospheric 
turbulence and associated fluxes of atmospheric properties, such as 
heat, momentum, and gaseous pollutant matter, within very useful 
limits of accuracy. It is also evident that these accuracies can 
be improved by further comparison of predicted and experimental 
measurements of these quantities, using a thorough parameter search 
for the model's specification of the scale lengths which control 
the generation and dissipation of turbulent correlations, The 
demonstrated successes to date more than justify the further devei- 
opment and application of these techniques to specialized and 
complicated problems, such as local airport pollution phen~rner~a, 
The production of a working model of atmospheric dispersion 
appropriate to line sources has been achieved. A comparable n~cdel 
for point sources has been programmed but has not been finall) 
debugged. Time and resources have permitted only preliminary 
application of this model to the airport problem. These results do, 
however, demonstrate the feasibility of application of the model 'so 
complex aircraft operation modes in the vicinity of airports, 
INTRODUCTION 
In cataloging the causes of environmental quality cliznges ano 
the role of federal activities in promoting land usages which 
enhance these causes, the President's Council on Environmeiitai 
Quality has noted the following facts with regard to airports: 
"...But airports also have significant environmental impact, They 
bring high noise level, new access highways, air pollution from 
automobiles and aircraft, and sewage and solid waste disposal 
problems." (ref. 1) Among these problems, the work reported here 
is directed to providing the advanced technology necessary to 
evaluate the nature and magnitude of the air pollution probleu~ in 
the vicinity of airports and to evaluate the effectiveness ane 
costs of alternative methods for either controlling the air qu~li"sy 
levels or protecting those who are exposed to these hazards, 
With this rationale in mind, the National Aeronautics a n ~ l  
Space Administration (NASA) and Aeronautical Research Assoc:a+es ~f 
Princeton, Inc. (A.R.A.P.) entered into Contract NAS1-10192 i l l  July 
1970, as Phase 1 of a continuing research and development effort, 
The objectives for Phase 1 were: 
'!The development of a program for and the calculation of 
the meteorological parameters and distribution of pollutants 
in the vicinity of an airport for any given upstrearr 
meteorological conditions when the absorption of solzr 
radiation by pollutants is not large. I'  (ref, 2) 
In particular, it was agreed that the methods of invariant moaeling 
developed by Coleman duP. Donaldson, the Principal Investigator, 
would be developed to show their appropriateness to the problem oC 
predicting the structure of atmospheric turbulence in the vic..:nftg 
of the ground and, with this demonstration, a model capable o" 
predicting the dispersal of inert airborne pollutants emanating 
from arbitrary source configurations would be constructed and 
tested. 
These objectives have been achieved and the results are 
reported here. In completing Phase 1, the understanding and in- 
sights necessary for further refinement and application of these 
models to airport problems have also been advanced. The avenues 
of most productive continuation of this work have been submPtted 
to NASA as a continuation proposal for this work (ref, 3 ) ,  
This report is divided into two major sections. The first 
presents the basic rationale of invariant modeling and the der~on- 
stration and verification of the validity of this modeling tech- 
nique in specifying the structure of atmospheric turbulence near 
the ground. The second section presents the basic model for 
atmospheric dispersion of materials emanating from arbitrarily 
positioned line and point sources. This model depends upon the 
turbulence model for inputs of turbulence structure and, when the 
source configuration is specified, predicts the distribution of 
pollutant concentration downstream. Only simple source configura- 
tions have been used to demonstrate the model's validity. The 
extension to moving and accelerating sources, as well as to 
multiple sources, is a straightforward extension of this work, 
SYMBOLS 
"universals' constants, equations 11 and lil 
normalized mass fraction of pollutant 
pollutant concentration (mass fraction) 
acceleration of gravity 
- - - 
u f 2  + vt2 + w v 2  (turbulent kinetic energy) 
source strength of pollutant 
turbulence Reynolds numbers 
temporal mean and local fluctuations of temperature 
time 
time-averaged components of fluid motion 
u q >  v', W 9  turbulent components of fluid motion 
velocity of source relative to air 
-- - 
- i: Cartesian coordinate system chosen so tha.t vC==wnl.I-' 
body force 
diffusivity and dissipation coefficients associated. 
with invariant modeling of turbulent fluid f- 1 icliiiis 
time of exposure 
diffusivity 
second viscosity coefficient 
density of mixture of gases 
effective boundary layer thickness 
COMPUTATIONS OF THE GENERATION OF TURBULENCE IN THE 
ATMOSPHERIC BOUNDARY LAYER 
In several previous papers (refs. 4, 5, and 6), we have 
discussed in some detail the theoretical basis for a new method of 
calculating the development of turbulent shear layers. The essence 
of this method is a closure of the equations of turbulent motion 
thas are derived from the Navier-Stokes equations by a modeling of 
the unknown terms in the equations for the second-order correlations 
of flv~ctuating quantities. We have applied the equations obtained 
in this way to the generation of turbulence in a free shear layer 
in the atmosphere (ref. 5). More recently, we have applied the 
metnod to the calculation of the turbulent kinetic energy and the 
tracsport of heat and momentum in the earth" boundary layer. For 
t h i s  case of the generation of atmospheric turbulence, the results 
of computations can be compared with detailed experimental results 
made available to us by John Wyngaard and Owen cot6 of the U.S. Air 
Force Cambridge Research Laboratories. The agreement between 
calculated and experimental results has been most gratifying. The 
role played by the scale of atmospheric turbulence in determining 
the Lntensity of turbulence generated by a given shear layer can be 
investigated by means of these calculations, and the results we 
have obtained have been most instructive. 
Basic Equations 
The basic equations for the generation of turbulence in a 
parallel shearing motion in the atmosphere obtained by the method 
of invariant modeling (ref. 5), and under the assumptions - 
constant, Schmidt number = Prandtl number = 1.0, are - 
a u l w l  
P 
- 
aii 2 a 
- w l w l  -
a t  az + - P ,  - az ( p o ~ A - &  G) 

The term q(z,t) in Eq. (2) can be used to represent a locaL 
heat production or absorption layer within the atmosphere, while 
the term X(z,t) in Eq. (1) is a forcing function that can be used 
to generate any desired shear layer in order to study the f0rrx.a- 
tion and decay of turbulence in such a layer. 
In the studies we will report here, we will choose the values 
of the three constants a , b , and c in Eqs. (11) and (13) to 
be the same as used in our previous work (ref. 5), namely, a = 2,5, 
b = 0.125, and c = 0.064 . 
Results of Computations 
Equations (1) through (14) provide a closed set for the 
prediction of the mean profiles of wind - -  and temperature, - u ( z )  and 
F(z), the intensity of turbulence, uf2, vf2, and wv2, and the 
fluxes of momentum and of sensible heat due to both molecular and 
eddy transfers. In the most general use of the model, it is 
necessary to specify the initial conditions on all these terms and 
the boundary conditions at the surface. For example, we may 
specify the atmosphere initially at rest, no internal sources of 
heat, an insulated surface (no heat transfer), and a body force 
which is some specified function of time (in our calculations, this 
serves the same purpose as a pressure gradient). 
The boundary condition on the flux of momentum and heat is 
specified by the fact that all components of motion other than 
those associated with molecular diffusion must vanish at the solid 
boundary. The model retains these molecular transfer terms f o i -  
precisely this reason, and it develops a laminar sublayer in which 
the molecular transfer terms are dominant and of such a magnitude 
as to balance the turbulent flux of heat and momentum in the 
atmosphere immediately above the laminar sublayer. (Consideration 
of the transfer rates for heat in the soil or water has not peon 
incorporated as yet. Rather, for this early stage, the solid 
surface has been implicitly assumed to have an infinite heat 
capacity. ) 
Although in principle it is unnecessary to assume any ugper  
boundary conditions in the turbulent atmosphere, other than that 
the vertical gradients of velocity and temperature vanish somewhere, 
in practise it is desirable to limit the depth of fluid considered 
so as to avoid excessive computer capacity requirements, In these 
early uses of the model, the depth of atmosphere considered has 
been limited by assuming that the gradients of wind and temperature 
go to zero at a finite height which is large compared with the 
depth of the atmosphere under modeling consideration. Above this 
height, the model predicts no local generation of turbulence er 
turbulent fluxes, but it does retain the molecular flux terms, 
Under this assumption, the upper atmosphere is also a sink for heat 
and momentum. The relaxation of this practical constraint fol-low- 
ing these initial tests of the model poses no problem other than 
larger computer capacity and speed. 
Because our initial interests during this early stage of 
modeling were largely directed to simulation of boundary layer 
turbulent fluxes of matter, the method of solution of equaJ~ioKs (i) 
through (14) was modified by decoupling equations (1) and (2) and- 
using given mean wind and temperature profiles to derive the system 
of equations, rather than body forces and heat sources, -- The equaticns 
were then used to predict the second-order correlations ufuqz) ?. k 
u!Tv (z) , and TpC'(z) that develop at large times when equatloizs 
1 
(3) through (9) are solved subject to any initial distribution of 
small turbulent velocity fluctuations. In effect, this method of 
solution specifies fixed mean profiles of wind and temperature and 
requires the model to generate those components of turbulent and 
molecular fluxes which these profiles would sustain in a steady-state 
condition. 
Since the model predicts fluxes of heat and momentum to the 
boundary, heat sources and momentum sources must be included to 
maintain a steady state. The method of solution described in the 
previous paragraph provides these sources by restoring any deiicit 
at each height and with each calculation step. These pseudo-sources 
must be of the same magnitude as the pressure gradient and heat flax 
terms which they balance. Of more concern is the possibility tnat 
the accelerations they represent are large and significant in the 
generation of turbulent fluxes. This possibility may be cheeked s y  
calculating the ratio of the eddy stress u9w9 to either the 
balancing pressure gradient force hp/by or to the coriolis 
acceleration 2Ru sin @ where p is pressure, R is the rotation 
rate of the earth, and 6 is fhe latitude. These calculatiors show 
that this ratio is order of 10 , i.e., the implied restorative 
body force is much smaller than the flux which it is modifying and 
the computation is quite stable. 
The computations we shall report here were carried out for 
three measured mean velocity and temperature profiles supplied to us 
by Messrs. Wyngaard and ~ o t 6 .  The mean profiles were deternined to 
a height of 32 meters by tower measurements. Beyond this heignt, we 
have had to extrapolate the velocity and temperature profiles oy the 
often used but somewhat disturbing technique of "eyeball" ccntinuation, 
The mean profiles of velocity and temperature that were 
determined in this way are shown in figures 1, 2, and 3, In each 
Figu re  1. -- S t a b l e  v e l o c i t y  p r o f i l e  - measured ( t o  32 m )  dis tr ib, j .*cians 
of  u and T and d i s t r i b u t i o n  o f  A used i n  c a l c u l a t i o n ,  
F, igure 2.  - Approx.imately n e u t r a l  p r o f i l e  - -  measured ( t o  32 rn) and 
extended d i s t r i b u t i o n s  o f  u  and T and d i s t r i b u t i o n  
of  A used .in c a l c u l a t i o n .  
Figure  3 .-  Unstable p r o f i l e -  - measured ( t o  32 m )  and extended 
d , i s t r , i b u t i o n s  of  u  and T and d i s t r i b u t i o n  
of A used i n  c a l c u l a t i o n .  
f i g u r e ,  we i n d i c a t e  t h e  e f f e c t i v e  boundary l a y e r  he igh t  f i e f ?  
t h a t  was used i n  t h e  s e t  of c a l c u l a t i o n s  t h a t  w i l l  be r e p o r t e d  
h e r e ,  t o g e t h e r  w i th  a  p l o t  of  t h e  s c a l e  l e n g t h  A t h a t  r e s u l t s  
from t h i s  cho ice  of  
?jeff  . 
I n  f i g u r e s  4 through 8 we p r e s e n t  t h e  r e s u l t s  of c a l c u l a t i o n s  
of t h e  va r ious  second-order - c o r r e l a t i o n s  u ' u v  , v ' v v  , wqw\ 
- 
u 'wv , u f T '  , w ' T v  , and T ' '  f o r  each of t h e  atmospheric c o n d i t i o n s  
g iven  i n  f i g u r e s  1 through 3 .  On t h e s e  f i g u r e s  we a l s o  show t i e  
exper imenta l  measurements supp l i ed  by Wyngaard and ~ o t 6 .  
Examination of f i g u r e s  4 and 5 shows t h a t  f o r  a  s t a b l e  atrnos- 
p h e r i c  s i t u a t i o n ,  t h e  model we have chosen shows r a t h e r  good agree-  
ment between t h e  c a l c u l a t e d  and measured va lues  of b e  t h e  
2 
second-order c o r r e l a t i o n s  u 9 u ?  , v P v v  , w V w v  , and T P  a12d tne 
t r a n s p o r t  c o r r e l a t i o n s  uPw '  , u t T P  - n and w ' T v  . Note t h a t  t h e  
method appears  t o  o v e r p r e d i c t  t h e  c o r r e l a t i o n  by a  factor of 
Experimental points : 
- 
0 u'ut 
Flgure 4.- Stable profile - agreement between computed and. 
measured velocity-temperature correlation profiles, 
Experimental points : 
a i m  
Figure 5.- Stable profile - agreement between computed and 
measured velocity profiles. 
Experimental points 
Figure 6.- Neutral profile - agreement between computed and 
measured velocity-temperature correlation profiles, 
approximately two. The excellent agreement between measured and. 
computed results is perhaps somewhat fortuitous because of our 
choice of 6eff in this case, as will be discussed later, 
Examination of figure 6, where we have plotted the calcziated 
values of u v u f  , v'vV , w P w P  and u ? w v  and compared them witn 
experimental measurements, shows that for this case of approxi-- 
mately neutral stability we generally underestimate the correla-~5ons 
by a factor of approximately two, although the computed level of the 
transport correlation u q w P  is somewhat better than the oJzhers, 
The general character of the distributions is correct, and the 
authors believe that a somewhat different fairing of the mean 
velocity profile, so that a larger value of 6eff was used ir the 
calculation, would have resulted in there being very satisfactory 
agreement between theoretical and experimental results. 
Examination of figures 7 and 8, where we have plotted resdlts 
for an unstable atmospheric situation, indicates, for this case and 
with our choice of 6eff , rather poor agreement -between %he 
measured values of u q u q  , v v v r  f i9 , and T'* and the res~rlts 
of our calculations. It is interesting to note that the transport 
correlations u P w ?  u 7 T r  , and w v T h r e  predicted properly, OLP 







b 0 u'w' 
I FSgure 7 . -  Unstable  p r o f i l e  - agreement between computed 
I and measured v e l o c i t y  p r o f . i l e s .  
Experimental points :. 
- 
100 - u'T' 
UJ o m  
Figure  8.-  Unstable p r o f i l e  - agreement between computed 
1 and measured ve loc i ty - tempera ture  c o r r e l a t i o n  p r o f i l e s .  
- 
c a l c u l a t i o n s  o f  u t u v  and w 7 w v  a r e  low by a  f a c t o r  o f  a  l i t t l e  
more t h a n  two, w h i l e  t h e  e r r o r  i n  e s t i m a t i n g  v ' v v  i s  v e r y  l a r g e ,  
A t  t h e  p r e s e n t  t i m e  we a r e  i n c l i n e d  t o  wonder i f ,  i n  t h i s  c a s e ,  t h e  
v e r y  h i g h  l e v e l  o f  v 9 v v '  t h a t  h a s  been  r e p o r t e d  r e a l l y  cou ld  have 
been  produced by t h e  mean boundary l a y e r  p r o f i l e  measured bel-ow 
32 m e t e r s .  Pe rhaps  t h e  h i g h  l e v e l  o f  v 7 v P  c o u l d  have been  - 
produced by a h i g h e r  s h e a r  l a y e r  skewed i n  a d i r e c t i o n  s o  t h a t  v  
was i m p o r t a n t .  A s  i n  t h e  c a s e  o f  t h e  n e u t r a l  a tmosphere ,  we a l s o  
f i n d  f o r  t h e  u n s t a b l e  c a l c u l a t i o n  t h a t  b e t t e r  agreement  between 
t h e o r y  and exper imen t  f o r  t h e  c o r r e l a t i o n  u ' u '  and w Q g  c o u l d  
have been  a c h i e v e d  by choos ing  a l a r g e r  v a l u e  f o r  d e f f  11; thls 
c a s e ,  s l i g h t l y  p o o r e r  agreement  between c a l c u l a t e d  and measured 
v a l u e s  o f  t h e  t r a n s p o r t  c o r r e l a t i o n s  - u v w P  , u V T v  and w B T t  312d 
t h e  t e m p e r a t u r e  f l u c t u a t i o n  T l 2  would have r e s u l t e d .  
S i n c e  i n  a l l  c a s e s ,  t h e  c h o i c e  o f  h e f f  p l a y s  an  i m p o r t a n t  
r o l e ,  and i t  i s  obv ious  from a p e r u s a l  o f  f i g u r e s  1, 2 ,  and 3 t h a ?  
t h e  c h o i c e  o f  d e f f  i s  q u i t e  a r b i t r a r y ,  i t  i s  i m p o r t a n t  t o  
i n v e s t i g a t e  t h e  s e n s i t i v i t y  o f  o u r  r e s u l t s  t o  t h i s  c h o i c e ,  S i n c e  
t h e  c h o i c e  of  be f f  a f f e c t s  t h e  t u r b u l e n c e  s c a l e  A t h a t  i s  u s e 6  
i n  o u r  c o m p u t a t i o n s ,  we w i l l ,  i n  e f f e c t ,  s t u d y  t h e  e f f e c t  of  
t u r b u l e n c e  s c a l e  on t h e  g e n e r a t i o n  o f  t u r b u l e n c e  i n  a g i v e n  shear 
l a y e r  by making - computa t ions  f o r  a f i x e d  p a i r  o f  mean p r o f i l e s  
U ( z )  and T ( z )  and  choos ing  d i f f e r e n t  v a l u e s  of  d e f f  when 
making t h e s e  c o m p u t a t i o n s .  
I n  f i g u r e  9 ,  we p r e s e n t ,  f o r  t h e  n e u t r a l  p r o f i l e  shown i c  
f i g u r e  1, t h e  r e s u l t s - o f  a number o f  computa t ions  u s i n g  d i f f e r e n t  
v a l u e s  o f  6eff o r  Amax .We have p l o t t e d  - i n  t h i s  f i g u r e  the 
maximum v a l u e s  o f  u l w v  , T v 2 ,  and K = u 9 2  + v v 2  + w f 2  o b t a i n e d  
i n  e a c h  computa t ion  as a f u n c t i o n  o f  6 e f f  and 'max . 
S e v e r a l  i n t e r e s t i n g  p o i n t s  a r e  immedia te ly  obv ious  from a 
s t u d y  o f  f i g u r e  9. F i r s t  we s e e  t h a t ,  f o r  a g i v e n  mean s h e a r  l a y e r ,  
t h e r e  i s  a v a l u e  o f  b e f f  Or  %ax t h a t  y i e l d s  a maximum i n  t h e  
t u r b u l e n t  ene rgy  t h a t  i s  g e n e r a t e d  by t h e  s h e a r  l a y e r .  The p h y s i c s  
of  t h i s  b e h a v i o r  o f  t h e  s o l u t i o n s  i s  as f o l l o w s .  I f  t h e  s c a l e  f l  
i s  v e r y  small ,  t h e  amount o f  t u r b u l e n t  ene rgy  t h a t  can  be developed 
by t h e  s h e a r  l a y e r  i s  s m a l l  b e c a u s e  v i s c o u s  d i s s i p a t i o n  r a p i d l y  
k i l l s  o f f  t h e  ene rgy  t h a t  i s  p roduced .  On t h e  o t h e r  hand,  i f  t h e  
s c a l e  o f  t u r b u l e n c e  i s  v e r y  l a r g e ,  t h e  l o c a l  t u r b u l e n c e  l e v e l  i s  
low i n  t h e  r e g i o n  o f  s h e a r  p r o d u c t i o n  because  t h e  ene rgy  produced 
by t h e  s h e a r  i s  d i f f u s e d  r a p i d l y  t o  r e g i o n s  where t h e  mean s h e a r  5 s  
low and t h e  s m a l l  r a t e  o f  p r o d u c t i o n  can  be  b a l a n c e d  by t h e  lolu r a t e  
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The second observation that may be made in regard to figure 9 
is that we were fortunate in our choice of 6eff in making %ilc 
computations shown in figures 4, 5, and 6, for at this particular 
value of deff fairly close agreement with experimental res~lts 
is found. This is true, but even if one were to change the choice 
Of 'eff by a factor of two, one would still compute the prover 
order of magnitude of the values of the atmospheric turbulence 
parameters of interest. 
The presentation of the effect of scale on the generatics1 of" 
atmospheric turbulence given in figure 9 shows the effect of scale 
only on the intensity of the turbulence. Increasing the scale of 
turbulence also rather markedly affects the distribution of turbu- 
lence intensity through increased diffusion, as mentioned aDove, 
This effect is demonstrated in figure 10 where we have plotted the 
distribution of the specific turbulent kinetic energy K as a 
function of altitude for three choices of heff Or %a>: * 
FS gure 
K- rn 2/sec2 
10.- Effect of the choice of deff or A on the 
as well as the intensity, of turbulence in the 
atmospher.ic boundary layer. 
spread, 
It is obvious from figure 10 that the scale .A in clur eompu- 
tations plays an important role in determining the intensity cnd 
distribution of turbulence produced by any mean shear profile in 
the atmosphere. 
In view of the uncertainties present in defining the meaii 
atmospheric boundary layers for which measurements have been w~ade 
available to us by Wyngaard and ~ o t 6 ,  we are encouraged by the 
results of a comparison of computed and measured resuss, I11 
2 general, the correlations u P u r  , vPv' , w l w f  , and T B  whrcn are 
computed agree with the experimental results within a factor cf 
about two. Somewhat better agreement between theory and exyerlrnent 
is found for the transport correlations u P w r  , u P T f  , artd t r T 7   
It is felt that this agreement is sufficiently good to warran' 
further study and development of the method. 
ATMOSPHERIC DISPERSION MODELING 
The b a s i c  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  r a t e  o f  change of  t h e  
a v e r a g e  c o n c e n t r a t i o n  o f  a  m a t e r i a l  p  emanat ing  from a  sou-ee 
l o c a t e d  a t  ( x , y , z )  and f o r  s t r a i g h t - l i n e  a t m o s p h e r i c  mot ions  Ps 
E q u a t i o n  ( 1 5 )  n o t e s  d i r e c t l y  t h a t  t h e  l o c a l  change i n  c o n c e n t r a t i o n  
i s  e q u a l  t o  any l o c a l  s o u r c e  r a t e  o f  p r o d u c t i o n  o f  p  l e s s  She 
d i v e r g e n c e  of  t h e  m o l e c u l a r  and t u r b u l e n t  f l u x e s  o f  p  a t  ( x , y , z ) .  
I n  o r d e r  t o  c o n v e r t  ( 1 5 )  i n t o  a p r e d i c t i v e  model which can  t h e n  b e  
i n t e g r a t e d  o v e r  d i s t a n c e  s t e p s  dx ( o r ,  e q u i v a l e n t l y ,  o v e r  t ime  
s t e p s  u d t ) ,  i t  i s  n e c e s s a r y  t o  deve lop  p r e d i c t i v e  e q u a t i o n s  Tor 
C 9 l  and C f w '  . S i n c e  
C~ i s  a s c a l a r ,  t h e  i n v a r i a n t  t e c h n ~  yue P  P  
f o r  d e v e l o p i n g  t h e s e  p r e d i c t i v e  e q u a t i o n s  i s  c o m p l e t e l y  ana logous  
t o  t h e  method u s e d  t o  p r e d i c t  t h e  t u r b u l e n t  h e a t  f l u x  w f T F  i n  
d e v e l o p i n g  t h e  t u r b u l e n c e  e q u a t i o n s  ( r e f .  5 ) .  I n  t h i s  d e r i v a t i o n ,  
t h e  o n l y  new t e r m  which i s  added i s  C;TT and t h e  d i s p e r s i o n  
-p -
1 1 e q u a t i o n s  a r e  c l o s e d  by model ing  C ? v v  , C P w '  , and C P T '  . ine 
r e s u l t i n g  e q u a t i o n s  f o r  t h e s e  t e r m s P a r e  P  P  
ac t , ,  a? a a c l v l  P = - p 0 v ' v 1 -  + 3 -  poA& ,y P PoU ,, ,Y &Y 
We may note immediately that for line sources oriented normal 
to the 5-direction, there is no net horizontal crosswind flux of 
material, and these equations reduce to a relatively simple, iwo- 
dimensional parabolic form. The full set, appropriate to point 
sources, is three-dimensional, however, and therefore requires a 
much larger computer capacity for numerical solution. The f u l l  set 
has been programmed for the Univac 1108; in addition, the red,~ced 
(line source) set has been programmed for the IBM 1130. T h i s  L a t i e l  
feature has permitted inexpensive parameter searches and i n i t i a i  
exercising of the model for validation. 
Basic Tests of the Diffusion Model 
With the early approximate verification of turbulent c o r ~ ; e l -  
lations predicted by invariant modeling, attention has been 
directed to programming and exercising the diffusion models, Tn 
order to maximize the ability to vary the scale length paramc ers 
inherent in this modeling technique, the two-dimensional model was 
programmed and run extensively. This model, in its presenL config- 
uration, is appropriate to simulation of the vertical diffusioi: of" 
materials emitted from a continuous, infinitely long line source 
oriented perpendicular to the mean wind. It is referred to hcre 
as the LPD model (line pollution diffusion). 
As an initial test, turbulence fields were selected from ;?e 
AFCRL data and the diffusion model was run using the same v a l l ~ 2 x  
of scale lengths A and X as were used in the turbulence x L m d -  
lation run. Initially the line source was simulated by a k a l f -  
gaussian distribution with a standard deviation of 7 m and a 
maximum concentration located at 1.5 m above ground level 
(concentration values below 1.5 m were calculated by the model 
with a no-vertical-flux boundary condition at z = 0 ) .  The 
results of the calculation for the unstable atmosphere are shown 
in figure 11 where vertical profiles of concentration at dista-~ces 
of 180, 1500, and 4800 m from the source are portrayed. The 
general behavior of the model's concentration predictions were 
quite realistic, showing the expected spreading of the cloud u n w a r d  
and a diminution of the maximum concentration to less than one- 
tenth its initial value in less than 4800 m of travel. ( ~ e c a l ;  
these calculations are for vertical diffusion only.) The c n l y  
questionable feature is the displacement of the maximum coneenLra- 
tion upward during this period of travel. Such displacements ?ave 
been observed experimentally and are generally explained by an 
assumption of loss of material at the ground, a physical process 






- 11.- Vertical profiles of concentration CN for a cross- 
wind line source at 1.5 m above ground level. 
Examination of the vertical profiles of turbulent flux C ' w P  
generated by the model suggest that a more general parameter P 
search for both hmax and for the coefficients which relate hmax 
to the dissipation scale length X is required, particularly 
in the height zone near a solid boundary. This search has 'beer 
initiated, but without conclusive results to date. In the niean';inie, 
the general behavior of the model is correct and the direction of 
improvement and refinement is known. 
Initial programming of the three-dimensional diffusion model 
was completed during the course of this work, but no extensive use 
of the model has been undertaken. One run, using the same ixeteoro- 
logical condition as for the LPD tests, has been estimated and is 
used in the next section to examine pollution patterns arising T r o m  
idle, taxi, and takeoff modes of aircraft operations. A more 
extensive presentation of the results of the two-dimensional 
diffusion calculations is included as Appendix A. 
Preliminary Dispersion and Concentration Calculations 
for Various Aircraft Operation Modes 
Although major airports present a variety of sources of ai? 
pollution (e.g., fixed power plants, fuel dump spills and evapora- 
tion, ground vehicle operation, etc.), one of the sources of 
primary interest is aircraft engine exhausts. Varying aniourts of 
various pollutants - such as unburned hydrocarbons, oxides of 
nitrogen, oxides of sulphur, and particulates - are emitted during 
operation of aircraft engines, the amounts ranging from maximuin 
emission rates during full power takeoff runs to lesser amounts in 
idle and taxi operations. The pollutants and their emission rates 
also vary with engine type, size, and number. For our presenr 
purposes, however, primary interest focuses on the position and 
mode of motion of the aircraft. This is so simply because these 
motions determine the volume of air into which engine exhausts arc 
discharged and, therefore, the effective initial source strength, 
If Q is the exhaust discharge rate (g/sec) of a pollutant, "sie 
effective source strength is &/veff where veff is the speed of 
the aircraft relative to the alr. 
Engine exhausts are also considerably warmer than the ambient 
air and are usually discharged with a considerable velocity, 30th 
of these features lead to an accelerated initial mixing of the 
exhaust products with the ambient air and consequent initial 
dilutions greater than those attributable to natural atmospheric 
turbulent mixing. Also, turbulence generated by the flow of alp 
over the aircraft enhances this initial mixing rate, However, 
during takeoff and landing operations, a more prominent feature 
of aircraft-induced atmospheric motions is the wing tip vorticzs 
which entrap exhaust pollutants and generally tend to transpor'; 
them downward against the buoyancy-induced upward motions of klot 
gases. These features peculiar to aircraft operation have not yet 
been included in the present analyses, an omission which will  end 
to qualify any absolute values of pollutant concentrations, T n e  
preliminary calculations presented here are, therefore, more 
instructive as to the relative effects of atmospheric dispersion 
and aircraft operation modes as simulated by invariant modeli~g, 
For this purpose, five modes of operation of a single aircraft 
have been chosen for preliminary simulation of pollutant coneen- 
tration patterns due to engine exhausts: 
1. A parked, idling aircraft away from terminals and hangers, 
2. A constant speed, crosswind taxi operation; 
3. A constant speed, upwind taxi operation; 
4. A maximum power, upwind takeoff operation; 
5. A constant speed, crosswind fly-by at 60 m above 
ground level. 
For each of these simulations, calculated concentrations have been 
normalized to a unit exhaust emission rate and unit relative 
- 
velocity between the aircraft and the atmosphere, i.e., where C 
is the normalized mass fraction of the pollutant and C is l;i 
- 
the initial value of PO 
C~ . 
Since near-ground-level concentrations of pollutants are particu- 
larly important in adjusting operations to meet air quality 
standards, this feature of these preliminary calculations is 
stressed here. More detailed profiles of concentrations and the 
turbulent fluxes which produce diffusion are included in Appendix L ,  
A single meteorological case has been chosen for all of these 
calculations in order that attention may focus on comparisons of 
ground-level pollutant concentrations produced by different moces 
of aircraft operations. More detailed analyses of the effects of 
atmospheric stability and wind shear are proposed for future 
exercising of the model now that its basic utility and operability 
have been demonstrated. 
Crosswind and Parked Aircraft Operations 
The two-dimensional diffusion model may be used to simulate 
the pollution concentration patterns produced by aircraft that are 
moving along a path normal to the mean wind, either on the gro~nd 
or in the air. Since primary interest focuses on pollution concen- 
t r a t i o n  n e a r  ground l e v e l  ( i n  t h e  b r e a t h i n g  z o n e ) ,  we have 
emphasized t h a t  p a r a m e t e r .  (The model ,  o f  c o u r s e ,  p r e d i c t s  concen- 
t r a t i o n s  a t  a l l  h e i g h t s . )  
Normalized g r o u n d - l e v e l  c o n c e n t r a t i o n s  f o r  t h e  c a s e s  of an 
a i r c r a f t  t a x i i n g  c rosswind  and o f  a n  a i r c r a f t  f l y i n g  a t  60  m 
above t h e  s u r f a c e  a r e  shown i n  f i g u r e  1 2 .  Both c a s e s  a r e  f o r  an 
u n s t a b l e  a tmosphere .  The g e n e r a l  d e c r e a s e  o f  c o n c e n t r a t i o n  down- 
wind o f  t h e  t a x i  p a t h  f o l l o w e d  by t h e  a i r c r a f t  i s  q u i t e  r e a s o n z b l e  
b u t  r e q u i r e s  e x p e r i m e n t a l  v e r i f i c a t i o n .  The g r o u n d - l e v e l  coccen-  
t r a t i o n s  caused  by t h e  f l y - b y  a l s o  p r o p e r l y  p o r t r a y  t h e  mixing  of 
t h e  p o l l u t a n t  t o  ground l e v e l ,  b u t  a p p e a r  t o  m a i n t a i n  a near -  
c o n s t a n t  v a l u e  o v e r  t o o  g r e a t  a d i s t a n c e .  
Unstable atmosphere 
/ C;srind taxi 
I I \ /Point source (estimated) 
l o r  lo-.I 
altitude of 6 0 m  
F i g u r e  1 2 . -  S i m u l a t e d  v a l u e s  o f  maximum ground l e v e l  cone 
o f  e n g i n e  e x h a u s t s  when t h e  a i r c r a f t  i s  1 )  parked  ( ~ o i n t  
2 )  t a x i i n g  crosswind, and 3)  flying crosswind a t  60 rn . 
e l i t r a t i  
source 
Of g r e a t e r  i n t e r e s t  from an o p e r a t i o n a l  p o i n t  of view i s  t h e  
e f f e c t  of  t h e  a l t i t u d e  of t h e  source  on ground- level  c o n c e n t r a t i o n s ,  
I n  t h i s  c a s e ,  t h e  r e l a t i v e  maximum concen t r a t i on  produced by the 
two source  p o s i t i o n s  i s  1 6 7 ,  a  r e s u l t  which sugges t s  t h a t ,  w E t h  t h e  
a d d i t i o n a l  f a c t o r  of a i r s p e e d  cons idered ,  a i r c r a f t -p roduced  ground-- 
l e v e l  p o l l u t i o n  nea r  a i r p o r t s  i s  p r i m a r i l y  caused by ground 
o p e r a t i o n  of t h o s e  a i r c r a f t ,  and t h e i r  c o n t r i b u t i o n  whi le  a i r b o r n e  
i s  r e l a t i v e l y  s m a l l .  
The maximum ground l e v e l  concen t r a t i ons  of engine  exhaus t s  
produced by an a i r c r a f t  parked on t h e  ground wi th  engines  running 
a r e  a l s o  shown i n  f i g u r e  1 2 .  This  o p e r a t i o n a l  mode i s  s imulated 
by t h e  three-dimensional  model, and t h e  enhanced d i l u t i o n  r a t e  
occasioned by t h e  a d d i t i o n  of l a t e r a l  as w e l l  a s  v e r t i c a l  d i f f L ~ s i c n  
i s  q u i t e  e v i d e n t . %  A s  a  r e s u l t  of l a t e r a l  d i f f u s i o n ,  concenzra t ions  
of exhaus t s  from t h i s  e s s e n t i a l l y  s t a t i o n a r y  source  a r e  cons4derabILy 
l e s s  t h a n  f o r  t h e  t a x i i n g  case  j u s t  shown. This  r e s u l t  must b e  
i n t e r p r e t e d  o p e r a t i o n a l l y ,  however, s i n c e  t h e  t o t a l  exposure t o  
p o l l u t a n t s  depends upon t h e  d u r a t i o n  of t h e  exposure t o  t h e s e  
concen t r a t i ons .  I f  t h e  e f f e c t  of a  p o l l u t a n t  on t h e  recep- or 
depends on t h e  t o t a l  dosage,  t h e s e  concen t r a t i ons  must be m u l t ~ p l l e d  
by t h e  t ime of exposure .  Th is  t ime w i l l  be b r i e f  ( seconds)  Pel- %he 
t a x i  mode bu t  w i l l  be approximately equa l  t o  t h e  t ime t h e  aircraft 
i s  parked f o r  t h a t  mode. 
Again, from an o p e r a t i o n a l  p o i n t  of view, we may no te  t b a c  a  
long  l i n e  of  parked,  i d l i n g  a i r c r a f t  a l i g n e d  crosswind w i l l  
approximate t o  a cont inuous  l i n e  sou rce .  I n  t h i s  s i t u a t i o n ,  
l a t e r a l  d i f f u s i o n  w i l l  be minimized, concen t r a t i ons  w i l l  be h igh ,  
and d u r a t i o n  of exposure w i l l  be long .  An o p e r a t i o n a l  choice  f o r  
t h i s  c i rcumstance could be t h e  spac ing  of t h e  a i r c r a f t  so  t h a t  a t  
l e a s t  t h e  i n i t i a l  l a t e r a l  d i f f u s i o n  can o p e r a t e .  The e f f e c t i v e n e s s  
of such a  t echnique  can be r e a d i l y  eva lua t ed  by t h e  type  of model 
be ing  developed h e r e .  
Upwind Taxi and Takeoff Operat ions  
The p r o f i l e  of maximum concen t r a t i on  produced by a  f i x e d  ~ o i n t  
source  ( t h e  parked,  i d l i n g  a i r c r a f t )  p rov ides  t h e  b a s i s  for silnula- 
t i n g  dosage p a t t e r n s  f o r  a i r c r a f t  i n  motion a long  t h e  d i r e c t i c n  of 
t h e  wind. I n  t h e s e  ope ra t i ons  i t  i s  d e s i r a b l e  t o  cons ider  dosage 
r a t h e r  t han  average concen t r a t i on  s i n c e  t h e  time of exposure depends 
upon t h e  p o s i t i o n  of t h e  r e c e p t o r  r e l a t i v e  t o  t h e  pa th  of t h e  
a i r c r a f t .  For example, a  r e c e p t o r  a t  t h e  downwind end of a runway 
o r  t a x i  s t r i p  w i l l  be exposed t o  a l l  of t h e  exhaust  emi t t ed  upwind 
of him du r ing  a  t a x i  o r  t akeo f f  o p e r a t i o n .  A second r e c e p t o r  
- +The l a t e r a l  d i f f u s i o n  f o r  c a l c u l a t i o n  of C from a p c i n t  
-D max 
source  has  been e s t ima ted  due t o  o p e r a t i o n a l - d i f f i c u l t i e s  wi th  
t h e  three-dimensional  model. 
located upwind of the first will be exposed to only those emissions 
generated after the aircraft has passed his position. 
The maximum dosage is defined as the integral of the concen- 
tration over time 
Dmax = J  F Pmax dt 
- 
where C is now the time history of maximum concentration 
Pmax 
produced at a fixed point due to all sources - upwind of tha,t 
position. In the present calculations, C is normalized :-o 
Pmax 
an initial value (at the moving source) of unity when the source 
strength (mass rate of emission) and the effective velocity of 
the source are also unity. 
The simulation of dosages is accomplished by convoluting t h e  
maximum concentration profile and the amount emitted per unit 
distance of travel. Since the amount emitted per unit distance 
of travel is inversely proportional to the effective velocity c ~ f  
the aircraft, the convolution is 
where x is the position of the fixed receptor and is the 
position of the moving source. Since the emitted - material is 
assumed to move with the mean wind speed u , the time of exposure 
over which the dosage Dmax is delivered It is given by 
and an average concentration may be defined for each x by 
- 
c (4 = ,-yo- Dmax ( ) 
P max 
For the purposes of the present illustrations, we have 
assumed 1) an upwind taxi run at a constant speed equal to the 
mean wind speed (Veff = 26), and 2) an upwind take-off run for 
which t h e  t akeo f f  speed p r o f i l e  i s  shown i n  f i g u r e  1 3 , %  The 
r e s u l t i n g  normalized dosages from t h e  upwind end of t h e  runway 
( p o i n t  of  t a k e o f f  o r  c e s s a t i o n  of t a x i  r u n )  t o  one runway leng~h 
downwind of t h e  runway a r e  shown i n  f i g u r e  1 4 .  These curves  point 
up q u i t e  v i v i d l y  t h e  build-up of t h e  maximum dosages ( a l l  of t n e  
m a t e r i a l  emi t t ed  du r ing  e i t h e r  o p e r a t i o n  must pass  through a plane 
t r a n s v e r s e  t o  t h e  o r i g i n  o r  t h e  p o s i t i o n  a t  which t h e  opera t io - i  
b e g i n s ) .  Downwind of t h e  o r i g i n ,  atmospheric d i l u t i o n  reduces  t h e  
maximum concen t r a t i ons  o r  dosages i n  t h e  expected manner. 
The d i f f e r e n c e s  i n  dosage p a t t e r n s  a long t h e  runway a re  all 6u.e 
t o  t h e  d i f f e r e n c e  i n  t h e  speed p r o f i l e s .  I n  p a r t i c u l a r ,  t h e  
a c c e l e r a t i o n  f o r  t h e  t akeo f f  run  reduces  t h e  emiss ion pe r  u n i t  
d i s t a n c e  of  t r a v e l  markedly over  t h e  constant-speed t a x i  o p e r a t i o n ,  
( T o t a l  emiss ion r a t e s  may, of cou r se ,  vary  d r a s t i c a l l y  between 
t h e s e  o p e r a t i o n s . )  From an  o p e r a t i o n a l  p o i n t  of  view, t h e  maximum 
a t  t h e  downwind end of t h e  runway and t h e  dosages o r  concen t r a t i ons  
downwind of t h i s  p o s i t i o n  a r e  of  primary concern.  For example, 
wi th  a  wind speed of 5  m/sec and a  mass f r a c t i o n  of exhaus-L 
p o l l u t a n t  of 100 p a r t s  p e r  m i l l i o n  (c = t h e  maximum PO 
average concen t r a t i on  a t  x  = 0  i s  about 0 .5  x  x 3 x l o m m 3  = 
= 1 . 5  x  l o m 7 ,  o r  t h e  o r d e r  of  150 pphm. 
However, t h e  primary i n t e n t  he re  i s  t o  i l l u s t r a t e  t h e  capa- 
b i l i t y  of s imu la t i on  modeling t o  p o r t r a y  a i r  p o l l u t i o n  p a t t e r n s  
a s s o c i a t e d  w i th  v a r i o u s  a i r p o r t  o p e r a t i o n s .  More r i g o r o u s  v a r i f i -  
c a t i o n  of t h e s e  p a t t e r n s  and t h e  oppor tun i ty  t o  match t h e  "free'" 
parameters  of i n v a r i a n t  modeling a r e ,  of  cou r se ,  r e q u i r e d .  However, 
t h i s  i n i t i a l  e f f o r t  shows g r e a t  promise f o r  r e a l i s t i c  s imu la t i ons  
of complex s i t u a t i o n s .  
#Both of t h e s e  c a l c u l a t i o n s  a r e  f o r  a u n i t  emiss ion r a t e ,  ", 
P 
- - -- 
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Flgure 13. - Assumed a i r c r a f t  speed - p r o f i l e  f o r  take-off run and 
r e s u l t a n t  r a t l o  of wind speed u and a i rspeed  veff used i n  







.- Take-off operation with 
take-off speed profile 
as shown in Fig. 13 
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Figure 14.- Ground l e v e l  dosage p a t t e r n s  associated with upwind 
tax, i  and take -off opera t ions .  
CONCLUSIONS 
The work reported here must be viewed as an early and reiativelj 
primitive test of the ability of the invariant modeling method to 
simulate the turbulent structure and diffusive capabilities o h  
turbulent atmospheric boundary layer. Despite the early stage of 
this work, the results show a high degree of promise and it appears 
that useful simulation of the atmosphere with only a minimum of 
input information and arbitrarily specified coefficients can ce 
developed. The ability of coefficients established for a low speed, 
constant-temperature flat plate boundary layer to produce correzt 
order of magnitude predictions for the planetary boundary layer when 
the stability is not neutral suggests the real power of the invarlani 
modeling technique. The ability to simulate fluxes of heat, 
momentum, and matter without detailed input information on exchange 
rate coefficients also emphasizes the degree to which invariant 
modeling has captured the essential physics of turbulent boundary 
layer processes. 
The application of these techniques to airport-oriented air 
pollution problems associated with aircraft operations has been 
illustrated. Refinements of the model to include the effect of 
heated exhausts and aircraft-induced turbulence are possible and 
will be important in those cases where short-lived transient zir 
pollution concentration patterns dictate permissible modes of 
operation at airports. 
With this essential demonstration of the basic correctness and 
feasibility of invariant modeling, work can proceed confidently 
towards the further refinement of these early results and the 
testing of turbulence and diffusion modeling for more complicated 
real-world situations. Completion of the three-dimensional 
simulation model is more a matter of devoting the required resources 
of manpower and computer time than of technical problems, The 
program is large and complex and has not yielded easily to debugging 
and check-out. 
A major parameter search, designed to match model predictions 
of motions and fluxes in free jets to observational evidence kas 
been completed and can now be extended to boundary layer moC.eling, 
These steps should provide improved simulation of the second-crder 
correlation profiles in unstable atmospheres. Definite improvements 
in the prediction of the distribution of matter from arbitrary 
sources are also expected. With the full development of these 
refinements, the diffusive properties of arbitrarily stratified 
atmospheres can be examined. 
APPENDIX A 
SUMMARIES OF CALCULATIONS OF TURBULENCE CORRELATIONS 
AND ATMOSPHERIC DIFFUSION 
I n  o r d e r  t o  p r o v i d e  t h e  r e a d e r  i n t e r e s t e d  i n  t h e  d e t a i l e 6  
i n f o r m a t i o n  g e n e r a t e d  by t h e  i n v a r i a n t  t u r b u l e n c e  and d i f f u s i o i i  
modeling,  we have s e l e c t e d  one r u n  f o r  which machine g r a p h i c s  of 
t h e  model o u t p u t s  have been assembled.  T h i s  c a s e  i s  f o r  s t a b i y  
s t r a t i f i e d  atmosphere and t h e  d i f f u s i o n  of m a t e r i a l  e m i t t e d  from 
an i n f i n i t e l y  l o n g ,  n e a r  g round- leve l  a r e a  s o u r c e  of 1500 m width  
and o r i e n t e d  a c r o s s  t h e  mean wind d i r e c t i o n ,  T h i s  c a s e  has  nc 
e x a c t  analogy i n  a i r p o r t  o p e r a t i o n s ,  excep t  pe rhaps  t o  t r e a t  t h e  
e n t i r e  a i r p o r t  a s  a n  a r e a  s o u r c e .  The l i n e  s o u r c e  d i f f u s i o n  model 
i s  a p p r o p r i a t e  t o  t h i s  c a s e  up t o  d i s t a n c e s  of  about  t e n  t imes  t h e  
a c t u a l  c rosswind l e n g t h  o f  t h e  a r e a  s o u r c e .  
The mean wind and t e m p e r a t u r e  p r o f i l e s  used  i n  t h i s  c a l c u l a t i o n  
a r e  shown i n  f i g u r e s  1 A  and 2A, and t h e  v e r t i c a l  f l u x e s  c a l c u l a t e d  
by t h e  i n v a r i a n t  t u r b u l e n c e  model,  u P w q  , u t T q  , ww'Tq , and -- T'T" 
a r e  a l s o  shown. The t u r b u l e n t  e n e r g i e s  u ' u w '  , v P v V  and w B i ~ r ?  a r e  
shown i n  f i g u r e  3A. These a r e  t h e  pr imary  t u r b u l e n t  c o r r e l a t i ~ n s  
which e n t e r  i n t o  t h e  d i f f u s i o n  model and,  as n o t e d  i n  t h e  t e x c  o f  
t h i s  r e p o r t ,  t h e s e  v a l u e s  a r e  e x c e p t i o n a l l y  w e l l  matched wi th  
e x p e r i m e n t a l  measurements.  F i g u r e  4 A  shows t h e  t ime  h i s t o r y  of  the 
model g e n e r a t i o n  o f  t h e  t u r b u l e n t  e n e r g i e s .  A s  can be seen  t h e r e ,  
e q u i l i b r i u m  v a l u e s  were reached  v e r y  e a r l y  i n  t h e  c a l c u l a t i o n ,  
Turning t o  t h e  d i f f u s i o n  c a l c u l a t i o n s ,  a  l i n e  s o u r c e  was 
s i m u l a t e d  w i t h  a n  i n i t i a l  v e r t i c a l  d i s t r i b u t i o n  g i v e n  by 
where z and D a r e  l e n g t h s  chosen t o  p l a c e  zo , t h e  h e i g h t  o f  
0 
- 
t h e  maximum C ~ o  a t  1 5  m above t h e  s u r f a c e  and C ~ o  
a'& z = C ;  
and z  = 30 m . 
The cumula t ive  c o n c e n t r a t i o n s  and t h e  v e r t i c a l  p r o f i l e s  of' 
C q w t  and C T T T  a t  t h e  downwind edge of  t h i s  a r e a  s o u r c e  a r e  
P P 
p o r t r a y e d  i n - f i g u r e  5A. F i g u r e  6 A  shows t h e s e  same p r o f i l e s  at a  
d i s t a n c e  o f  abou t  3500 m downwind from t h e  upwind edge of  t h e  
s o u r c e .  A t  t h i s  d i s t a n c e , - v e r t i c a l  d i f f u s i o n  h a s  produced a  haif-. 
g a u s s i a n  d i s t r i b u t i o n  of  C (z) w i t h  t h e  maximum n e a r  t h e  grorni.?_d P  
and t h e  v e r t i c a l  t u r b u l e n t  f l u x  C ' w q  i s  p o s i t i v e .  
P  
- 
Figure 7A provides a plot of concentration Cn , CAws , a c d  
p -  &' 
C9TQt z 2.5 m out to a distance of 15,000 m. il~creases 
P 
over the source area, then decreases ex~onentiall~ with distance as 
vertical - diffusion operates on the clouh. In figure 8A, the maxima 
of C , C'w' , and C$Tf are plotted versus distance out to 
P P 
These examples could be elaborated indefinitely, of course, 
but they do provide illustrations of the detailed aspects of 
turbulence, turbulent fluxes, and resulting concentration distri- 
butions as simulated by invariant modeling. Relatively simple 
initial distributions of these terms have been chosen for these 
early calculations. In principle, arbitrary and more complex 
situations can be handled by the modeling technique. This is r o t  
true for more conventional diffusion models. However, exercisi~g 
of the invariant models can provide very valuable insight as to 
physical processes and the engineering approximations required f a r  
more heuristic modeling systems. 
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Figure 1A. Vertical crofile of turbulent shear stress u'wP generated 
by the model for the mean wind speed and temperature profiles show12 
here and in figure 2A. 
Figure 2A. Vertical profiles of the turbulent flux of heat i: the 
longitudinal (u'Tq) and vertical (wlTt) directions predicted Tor cbe 
mean wind and temperature profiles shown here and in figure lA, 
Figure 3A. Vertical profiles of turbulent energies in the longi-LU--  
dinal (u'uf), lateral (vlvf), and vertical (wlw" d-irections ~redicted 
for the mean-wind and temperature profiles shown in figures 1k and 2h, 
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Figure 4 ~ .  Time s t e p s  r e q u i r e d  f o r  t h e  model t o  come to e q u i l i b r i ~ r . .  
after introduction of a small component of turbulence. 
- 
Figure 5A. Vertical profiles of pollutant concentrationss C , an? 
of the correlations, C$Tr and C$wV , at a travel distancePrf 
1500 K .  ?'he pollutant was introduced as an infbzte crosswind area 
between X = O x  and X = l , T k r n ,  
Figure 6 ~ ,  Same as 5A except that X = 3500 m. 
- 
Figure 7A. Values of CP C 5 w 5  , and G v T t  as a function o r  
distance from the source areaPand at a heYght of 2.5 m above t h e  
ground. 
- 
Figure 8A. Maximum values of C 7 w P  and C P T f  
C ~ 3  P as a, f u n c J c l o ~ ~  
of distance from the source area. 
